We consider the problem of bounding the dimension of the linear system of curves in P 2 of degree d with prescribed multiplicities m 1 , . . . , mn at n general points ([6], [7] ). We propose a new method, based on the work of Ciliberto and Miranda ([1], [2]), by specializing the general points to an elliptic curve in P 2 .
Introduction
Fix positive integers d, n and m 1 , . . . , m n . Let P ′ be the blow-up of P 2 at n general points P 1 , . . . , P n . Let H be the total transform of a line in P ′ and let E i be the exceptional divisor of the blow-up corresponding to P i . In this paper, we study the problem of bounding the dimension of the linear system |dH −
We say that the linear system |L| is special if both cohomology groups H 0 (L) and H 1 (L) are nontrivial. We say that |L| is homogeneous if all multiplicities m i are equal to some m. The Harbourne-Hirschowitz conjecture ( [1] , [7] ) predicts that |L| is special if and only if |L| contains as a fixed component a (−1)-curve with multiplicity at least two. In the homogeneous case, the conjecture implies that there are no special linear systems with n ≥ 9 ( [2] ).
Recently, Ciliberto and Miranda [2] proved the Harbourne-Hirschowitz conjecture for all homogeneous linear systems |L| with m ≤ 12. The basic idea is to specialize some of the general points in P 2 to a line and study the degeneration of the linear system |L|. By using a similar technique, Yang [10] proved the (nonhomogeneuous) conjecture whenever m i ≤ 6 for all i.
In the present paper, we propose to specialize the general points in P 2 to an elliptic curve instead of a line. In Section 2 we describe a degeneration of P 2 , motivated by the work of Ciliberto and Miranda. Our main result is Theorem 3.1, which gives an upper bound of the dimension of |L| in terms of the dimension of a simpler linear system in P 2 . In section 4 we apply the main result to show that the linear system |38H − Notation and Conventions. We work over an algebraically closed field of characteristic 0. Let C be a complete nonsingular curve. A ruled surface S over C is a nonsingular surface together with a P 1 -fibration π : S → C ( [5] , Ch. V.2). A minimal section C 0 of S is a section with minimal self-intersection. In this case, the invariant of S is the number e = −C 2 0 . For two divisors Y and Y ′ on S, Y ∼ Y ′ denotes rational equivalence and Y ≡ Y ′ denotes numerical equivalence. By [5] , P ic(S) ∼ = ZC 0 ⊕ P ic(C) and N um(S) ∼ = ZC 0 ⊕ Zf , where f is the class of a fiber. Thus, every divisor Y on S is rationally equivalent to µC 0 + bf , where b is a divisor on C and bf = π * (b).
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Specializing Points to an Elliptic Curve in P 2
Denote by ∆ the affine line over the base field. The following lemma is motivated by the main construction in [1] for degenerating P 2 .
Lemma 2.1. Fix positive integers n ≥ k ≥ 10. There exists a flat family of surfaces X → ∆ such that: i) the general fiber X t is isomorphic to the blow-up of P 2 at n general points; ii) the special fiber X 0 is the union of two components S∪P ′ intersecting transversally along an elliptic curve C. Here, S is an indecomposable ruled surface over C; the component P ′ is isomorphic to the blow-up of P 2 at n − k general points in P 2 and k general points on C.
Proof. We describe the construction of X in the following five steps . The first three steps are taken from [1] , but the last two are apparently new.
Step 1. Let X 1 = P 2 × ∆ be the trivial family of planes. Let P 0 be the fiber of the projection map X 1 → ∆ at t = 0. Fix a nonsingular elliptic (cubic) curve C ⊂ P 0 . For any i ≤ n, let p i : ∆ → X 1 be a section of the projection map X 1 → ∆. Denote by P i ∈ P 0 the image p i (0). We assume the following: (i) p i is an embedding; (ii) for t general, p i (t) is a general point in P 2 ; (iii) for i ≤ k, P i is a general point on C; (iv) for i > k, P i is a general point in P 0 and (v) for i ≤ k, the image of p i intersects P 0 transversally at P i .
Step 2. Let X 2 → X 1 be the blow-up of X 1 along C and let S 0 be the exceptional divisor of the blow-up.
For any i, we lift the section p i to a sectionp i : ∆ → X 2 . Denote byP i the imagep i (0). Thus,P 1 , . . . ,P k are general points on S 0 and P k+1 , . . . , P n are general points on P 0 .
For i ≤ k, denote by F i the unique fiber of S 0 passing through the pointP i . From the exact sequence
Step 3. We blow-up the images ofp i simultaneously and denote by X 3 the resulting threefold. Let E i be the exceptional divisors of the blow-up. Now, X 3 is a family of surfaces over ∆ such that: (i) the general fiber (X 3 ) t is isomorphic to the blow-up of P 2 at n general points and (ii) the special fiber is the union of two components S + 0 ∪ P + 0 , where S + 0 is the blow-up of S 0 at the k pointsP 1 , . . . ,P k and P + 0 is the blow-up of P 0 at the n−k pointsP k+1 , . . . ,P n . By a similar computation as in Step 2, we 
Step 4. In the next two steps, we "transfer" the exceptional curves F i from S + 0 to P + 0 by applying a flip (see [8] , Cor. 2.4.5 or [3], 6.20). We blow-up the curves F i simultaneously and denote by X 4 the resulting threefold. Denote by W i the exceptional divisors of the blow-up.
Let P ++ 0 be the proper image of P + 0 in X 4 . Thus P ++ 0 is isomorphic to the blowup of P 2 at the n points P 1 , . . . , P n . Let D 1 , . . . , D k be the exceptional divisors of the blow-up P ++ 0 at P 1 , . . . , P k . Notice that F i and D i belong to different rulings of W i .
Step 5. We contract all W i simultaneously along the ruling given by F i and denote by X 5 the resulting threefold. Let S − 0 be the image of S + 0 in X 5 . Clearly, S − 0 is obtained from S 0 (defined in Step 2) by applying k elementary transforms at the pointsP 1 , . . . ,P k ([5], Example V.5.7.1). Since S 0 has invariant e = 9, the pointsP 1 , . . . ,P k are general and k ≥ 10, it follows that S − 0 is an indecomposable ruled surface over C. Therefore, the threefold X = X 5 has the required properties (with S = S − 0 and P ′ = P ++ 0 ).
Main Result
Fix positive integers d, n, k and m 1 , . . . , m n , where n ≥ k ≥ 10. Let X → ∆ be the family of surfaces constructed in the previous section. For any t, we denote by X t the fiber of X at t. Denote by E i the exceptional divisors on X corresponding the n general points. For t general, denote by E
is an exceptional divisor of the blow-up X t → P 2 . For t = 0 and i ≤ k, the restriction E i | X0 has two components E 
In particular,
for t general. We have:
Also,
for a suitable divisor b on C (by construction, b is general). Here π denotes the projection π : S → C.
For any integer µ, consider the twist
L(µ)| S ∼ = O S (µC + bf ). Notice that L(µ)| Xt ∼ = L| Xt for t general and any µ. Thus, we may think of L(µ)| X0 as a limit of the linear system L| Xt as t → 0.
We are now in position to formulate our main result.
The following lemma plays an essential role in the proof of the theorem. Proof. Let C 0 be a minimal section of S and let e = −C 2 0 . We may write
The canonical divisor of S is K S ≡ −2C 0 − ef and the arithmetic genus of S is p a = −1 (see [5] , Ch. V.2). By Riemann-Roch,
We want to show that b − 1 2 µe > 0. Since S is indecomposable, e = 0 or −1 ([5], Thm. V.2.15). Suppose that e = 0. Since C 0 · D = b and C 0 is nef, it follows immediately that b ≥ 0. In fact, b > 0, because b ′ is general (it suffices to assume that O C0 (D) is not a multiple of O C0 (C 0 )).
Suppose that e = −1. Then, it is well-known that S contains an irreducible curve Y ≡ 2C 0 − f (see [9] , p.121). Clearly, Y is a nonsingular elliptic curve. Since Y is nef and Y · D = 2b + µ, it follows immediately that 2b + µ ≥ 0. In fact, 2b + µ > 0, because b ′ is general (it suffices to assume that O Y (D) is not a multiple of O Y (Y )).
Proof of the theorem. It will be notationally more convenient to replace µ with µ + 1 in the statement of the theorem. In other words, given that χ(L(µ + 1)| P ′ ) ≥ χ(L| Xt ) we want to show that h 0 (L(µ + 1)| P ′ ) ≥ h 0 (L| Xt ).
Consider the Mayer-Vietoris exact sequence on X 0 :
We tensor the above sequence with L(µ) and take cohomology:
We have: χ(L(µ)| X0 ) + χ(L(µ)| C ) = χ(L(µ)| P ′ ) + χ(L(µ)| S ). Consider the following exact sequence on P ′ :
We have:
. Adding the last two equalities gives:
Since Euler characteristic is constant in flat families, we have χ(L(µ)| X0 ) = χ(L| Xt (µ)) = χ(L| Xt ), for t general. Now, the assumption χ(L(µ + 1)| P ′ ) ≥ χ(L| Xt ) gives χ(L(µ)| S ) ≤ 0. By the previous lemma, H 0 (L(µ)| S ) = 0. From the last two exact sequences in cohomology,
By semicontinuity,
This completes the proof.
An Application
Let us use the theorem to show that there does not exist a curve in P 2 of degree d = 38 passing through n = 10 general points with multiplicity m = 12 (expected dimension v = −1). We use the notation from the previous section. We specialize k = 10 points to an elliptic curve C and take µ = 13. We have:
Now, χ(L| Xt ) = 0 and χ(L(13)| P ′ ) = 0. By Theorem 3.1, h 0 (L(13)| P ′ ) ≥ h 0 (L| Xt ). Clearly, h 0 (L(13)| P ′ ) = 0, and so h 0 (L| Xt ) = 0. This completes the proof.
Intuitively, when we specialize the 10 multiple points to C, at least 13 copies of C "split off" our original curve. This is impossible since the degree of the curve is 38 < 3 × 13.
The result above is also proved in the thesis of Gimigliano [4] by using the Horace's method (introduced in [6] ). See [2] , pp. 4048-4049 for further applications of this result.
